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Modern and anticipated facilities will deliver data that promises to reveal the innermost workings
of quantum chromodynamics (QCD). In order to fulfill that promise, phenomenology and theory
must reach a new level, limiting and overcoming model-dependence, so that clean lines can be drawn
that connect the data with QCD itself. Progress in that direction, made using continuum methods
for the hadron bound-state problem, is sketched herein.
1. History. — Quantum chromodynamics (QCD) ap-
peared a little over forty years ago as the fruit of many
labours [1]. The lattice formulation of the theory (lQCD)
emerged contemporaneously [2]; and whilst the principles
and practice of perturbation theory in QCD are fairly
well understood, lQCD and other nonperturbative tools
are essential because the gluon and quark degrees-of-
freedom used to express the Lagrangian – QCD’s partons
– are not the objects measured in detectors.
Experiments measure hadrons, each one of which is
defined by its valence degrees-of-freedom. For instance,
a proton is unique in possessing two valence u-quarks,
one valence d-quark, and no other valence degrees-of-
freedom. That seems simple. However, if one chooses to
work with a partonic basis, then even using a light-front
formulation, with its probability interpretation, the pro-
ton wave function is so complex that no analysis has suc-
ceeded in producing anything beyond the simplest Fock
space components; and information on these has only
emerged recently [3–5].
If the proton is such a challenge, then perhaps the
pion, with its simpler structure (one valence u quark
and one valence d¯ quark in the pi+), should be tack-
led first? However, in this case, too, there are serious
challenges. For instance, the pion is a Nambu-Goldstone
mode; consequently, it is unnaturally light in compari-
son with all other hadrons. Hence, any realistic study of
the pion must preserve chiral symmetry and the pattern
by which it is dynamically broken. These requirements
have impeded many theoretical approaches using contin-
uum methods and also challenged the lattice approach.
In the background, a route to overcoming such ob-
stacles was identified early [6–10]. Namely, the collec-
tion of QCD’s Euler-Lagrange equations: gap equation,
Bethe-Salpeter equation, Faddeev equation, . . . , collec-
tively known as the Dyson-Schwinger equations (DSEs)
[11], can be used to solve the continuum bound-state
problem. Unsurprisingly, the earliest attempts were rudi-
mentary; yet, they showed promise.
The DSEs are an infinite tower of coupled integral
equations for a given theory’s n-point Schwinger func-
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tions. In QCD, the gap (Dyson) equation for the quark
two-point function (propagator) involves the gluon two-
point function and the three-point gluon-quark vertex.
Each of these additional Schwinger functions satisfies its
own equation, which itself involves higher n-point func-
tions; and so on. To make progress in formulating a
tractable problem, a truncation must be employed; and
the importance of symmetries in quantum field theory
means that real progress requires an intelligent scheme,
i.e. a systematic, symmetry-preserving method of closing
the system to arrive at a finite set of equations.
2. Symmetry-preserving truncations. — The most widely
used DSE truncation method was introduced around
twenty-five years ago [12, 13]; and with a systematic ap-
proach in hand, it became possible to understand both
the successes and failures of all preceding studies.
To be specific, consider the inhomogeneous Bethe-
Salpeter equation drawn in Fig. 1, which may be written
[GM (k;P )]tu = [gM ]tu
+
∫ Λ
dq
[χM (q;P )]srK (q, k;P )rstu, (1)
FIG. 1. Inhomogeneous Bethe-Salpeter equation for a
colour-singlet vertex, GM , into which total momentum P is
flowing. Typically, the inhomogeneity, gM , is a momentum-
independent matrix product that specifies the quantum
numbers of the channel under consideration. K is the
Bethe-Salpeter kernel, which is two-particle irreducible (2PI);
namely, it does not contain quark+antiquark→ single-gauge-
boson annihilation diagrams nor diagrams that become dis-
connected by cutting one quark and one antiquark line. The
lines defined by open circles are dressed-quark/antiquark
propagators, S. Symmetries in quantum field theory entail
that S and K are interdependent: one cannot know S without
knowing K and vice-versa. (k+ = k+ ηP , k− = k− (1− η)P ,
η ∈ [0, 1]. In a Poincare´-covariant treatment, no physical ob-
servable depends on η, the value of which defines the relative
momentum.)
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2where χM (q;P ) = S(q+)GM (k;P )S(q−); r . . . u de-
note colour, flavour and spinor indices; and
∫ Λ
dq
rep-
resents a translationally-invariant regularisation of the
four-dimensional integral, with Λ the regularisation scale.
The leading-order term in the scheme of Refs. [12, 13] is
the rainbow-ladder (RL) truncation; and with a judicious
choice for the kernel, RL provides a good description of
all hadronic bound-states in which (a) orbital angular
momentum does not play a significant role and (b) the
non-Abelian anomaly can be ignored. In such circum-
stances, corrections to RL truncation interfere destruc-
tively. Regarding Eq. (1), the RL truncation is specified
by writing (l = k+ − q+ = k− − q−)
K rstu = Iµν(l)[iγµ
λa
2
]ts[iγν
λa
2
]ru , (2a)
Iµν(l) = I˜ (l2)Tµν(l) , (2b)
where {λa|a = 1, . . . , 8} are the generators of SU(3)-
colour in the fundamental representation and l2Tµν(l) =
l2δµν−lµlν . This tensor structure specifies Landau gauge,
which is used because (i) it is a fixed point of the renor-
malisation group; (ii) that gauge for which corrections to
RL truncation are least noticeable; and (iii) most readily
implemented in lQCD.
Evidently, Eq. (1) involves dressed-quark propagators;
and in RL truncation, they are obtained from the follow-
ing gap equation:
S−1(k) = Z2(iγ · k +mbm) + Σ(k) , (3a)
Σ(k) =
∫ Λ
dq
Iµν(k − q)γµλ
a
2
S(q)γν
λa
2
, (3b)
where mbm is the current-quark bare mass, generated
by Higgs boson couplings into QCD, and Z2(ζ,Λ) is the
quark wave function renormalisation constant, with ζ the
renormalisation scale.
It is now straightforward to show that Eqs. (1) – (3)
ensure all Ward-Green-Takahashi identities [14–16] con-
nected with vital global symmetries in QCD are satis-
fied. Having just discussed the pion, the axial-vector
identity is of particular interest here. It can be derived
from Eq. (1) after choosing gM = Z2γ5γµτ i/2, where
{τ i|i = 1, 2, 3} are the generators of SU(2)-flavour in the
fundamental representation. So long as chiral symmetry
is dynamically broken, Eqs. (1) – (3) are necessary and
sufficient to ensure that the pion emerges as a Nambu-
Goldstone mode along with all the manifold corollaries
of this characteristic, e.g. Refs. [17–26].
The only thing here that depends on the form of the
interaction, I˜ (l2), is dynamical chiral symmetry break-
ing (DCSB). This is one of the corollaries of emergent
hadronic mass (EHM) in QCD [27]; hence I˜ (l2) must be
able to ensure the outcome. More than twenty years of
study have produced the following form, appropriate to
RL truncation [28, 29] (s = l2):
1
Z22
I˜ (s) = 8pi
2
ω4
De−s/ω
2
+
8pi2γmF(s)
ln
[
τ + (1 + s/Λ2QCD)
2
] , (4)
TABLE I. Computed values for a range of light-quark-hadron
properties (masses and leptonic decay constants), obtained
using RL truncation with the interaction specified by Eq. (4).
The u = d and s current-quark masses in Eq. (3) were cho-
sen to reproduce the empirical values of mpi = 0.14 GeV,
mK = 0.50 GeV. They correspond to one-loop evolved masses
m2GeVu,d = 4.8 MeV, m
2GeV
s = 110 MeV. (All quantities listed
in GeV.)
fpi fK mρ fρ mK∗ fK∗ mφ fφ
RL [30] 0.094 0.11 0.75 0.15 0.95 0.18 1.09 0.19
expt.[34] 0.092 0.11 0.78 0.15 0.89 0.16 1.02 0.17
where [30, 31]: γm = 12/(33 − 2Nf ), Nf = 5; ΛQCD =
0.36 GeV; τ = e2− 1; and sF(s) = {1− exp(−s/[4m2t ])},
mt = 0.5 GeV. Eq. (4) preserves the one-loop renormal-
isation group behaviour of QCD. Moreover, 0 < I˜ (0) <
∞, reflecting the fact that a nonzero gluon mass-scale
appears as a consequence of EHM in QCD [32, 33].
One feature of Eq. (4) is that when used to com-
pute properties of light-quark ground-state vector- and
flavour-nonsinglet pseudoscalar-mesons, the results are
virtually insensitive to variations of ω ∈ [0.4, 0.6] GeV,
so long as ς3 := Dω = constant. The value of ς is typi-
cally chosen to reproduce the empirical value of the pion’s
leptonic decay constant, fpi; and in RL truncation this is
achieved with ς = 0.80 GeV. The quality of the descrip-
tion provided is illustrated by Table I. Comparing predic-
tions with experiment, the absolute value of the relative
error is 5(5)%, which is typical of RL truncation within
its domain of direct validity.
It will be noted that axial-vector mesons are not listed
in Table I. In all reference frames, such systems involve
significant orbital angular momentum. RL truncation is
a poor approximation in such cases because [35–37]: (a)
some of the corrections which interfere destructively in
pseudoscalar and vector channels here interfere construc-
tively instead; and (b) magnifying the importance of (a),
DCSB introduces novel contributions to Bethe-Salpeter
kernels that enhance spin-orbit repulsion effects. Conse-
quently, more sophisticated truncations are needed to de-
scribe axial-vector, scalar and tensor mesons. In this con-
nection, it is insufficient to improve upon RL truncation
term-by-term because DCSB is essentially nonperturba-
tive; thus, its contributions to Bethe-Salpeter kernels are
missed in such a construction. Alternatives have been
developed [37–39] and are being exploited in connection
with light-quark mesons. Similarly, the η-η′ complex re-
quires an essentially nonperturbative improvement of RL
truncation [40].
It is worth looking at Eq. (4) in more detail. Viewed
as a representation of gluon exchange, the behaviour on
k2 & (5ΛQCD)2 matches QCD’s one-loop perturbative re-
sult; but on k2 ∈ [0, (5ΛQCD)2], the strength far exceeds
(by up to a factor of five) the results obtained in analy-
ses of QCD’s gauge sector. This is the cost of good phe-
3nomenological outcomes in RL truncation. The flaw owes
to the use of two bare gluon-quark vertices in Eq. (3b). In
reality, one of these vertices should be dressed [41], feed-
ing DCSB-induced enhancement into the gap equation’s
kernel; and that modification entails a more complicated
form for K in Eq. (2a). With more strength in the ver-
tices, less is needed in the interaction. Following develop-
ment of the DCSB-improved (DB) kernel [37], this is now
quantitatively understood. Namely, using the DB kernel,
the gap between phenomenology and theory is bridged:
the renormalisation-group-invariant effective-charge pre-
dicted by analyses of QCD’s gauge sector [33] is seen to
be precisely the interaction required to describe hadron
observables [42]. This being established, the judicious use
of Eq. (4) in RL-truncation can usefully continue because
practitioners are now aware of the precise connection be-
tween their studies and QCD: the interaction’s infrared
overmagnification is a simple means of expressing some
beyond-RL truncation effects in the predicted values of
observable quantities.
3. Meson form factors: beyond static properties. — Many
qualitatively different interactions produce similar results
for the spectrum of hadrons because masses are infrared-
dominated quantities. A real test of the veracity of any
approach to solving QCD is its predictions for structural
properties, e.g. elastic and transition form factors and
parton distributions.
Following the approach introduced in Ref. [43], the cal-
culation of form factors is straightforward using RL trun-
cation. The first ab initio prediction of the pion electro-
magnetic form factor, Fpi(Q
2), was described in Ref. [44].
It was a success. Soon after, new era experiments [45],
enabled by the continuous electron beam accelerator at
Jefferson Laboratory (JLab), released results that con-
firmed the DSE prediction. However, that prediction ex-
tended only to momentum transfers Q2 ≈ 4 GeV2 be-
cause the dressed-quark propagator obtained as a solu-
tion of the RL gap equation possesses complex conju-
gate poles [46, 47] and the algorithms used in Ref. [44]
were unable to handle the associated singularities mov-
ing through the integration domain sampled in the form
factor calculation.
The problem was left unresolved for more than ten
years; until Ref. [48] exploited the perturbation theory
integral representations (PTIRs) introduced in Ref. [49]
and delivered predictions for Fpi(Q
2) out to arbitrarily
large spacelike momenta. These new results highlighted
that QCD is not found in scaling laws; rather, it is found
in scaling violations, and experiments able to reach be-
yond Q2 ≈ 6 GeV2 will see QCD scaling violations in
a hard exclusive process for the first time. This pre-
diction has motivated new initiatives at JLab to push
planned experiments to reach Q2 ≈ 9 GeV2 and the de-
velopment of new experiments at anticipated facilities
[50–53]. Crucially, the normalisation of Fpi(Q
2) on the
domain of scaling violations is still set by EHM; hence,
successful experiments will reap two rewards: validat-
ing both the modern picture of the impact of EHM on
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FIG. 2. Continuum predictions for the Ds → K semileptonic
transition form factors [58]. Legend: f+ – solid blue curve;
f0 – dashed green curve; and f− – dot-dashed red curve. The
shaded band around each of these curves indicates the 1σ
confidence level for the associated sSPM analysis. Empirical
datum – cyan square [59]. The predictions drawn here yield
a branching fraction 103B
D+s →K0e+νe = 3.31(33) to be com-
pared with extant experiment [59]: 3.25(38). The prediction
can alternatively be used to determine the CKM matrix el-
ement: |Vcd| = 0.216(17), a value consistent with the world
average, viz. 0.218(4) [34].
Nambu-Goldstone modes and confirmation of the pre-
dicted nature of QCD scaling violations in hard exclusive
reactions.
The analysis in Ref. [48] has now been extended to
a wide array of electromagnetic elastic and transition
form factors of pseudoscalar mesons, including some
heavy+heavy systems [23, 40, 54–57].
RL-truncation is also challenged by mesons with a
large imbalance between the current-masses of the va-
lence quarks that define the system. For instance, whilst
the kaon does not present additional problems, the large
mass difference between the c and d¯ quarks in the D me-
son prevents even a direct calculation of the D-meson
mass because of the distortion it introduces into the mo-
mentum domain that contributes in solving the Bethe-
Salpeter equation. This problem has been known for
roughly thirty years; recently, a path around the diffi-
culty was introduced.
Naturally, one could use PTIRs. However, that would
be very time consuming if one wished to proceed be-
yond spectra and, e.g. deliver predictions for an array
of electroweak transitions. An alternative is to employ a
novel statistical implementation of the Schlessinger point
method (sSPM) for the interpolation and extrapolation
of analytic functions [60–65]. Here, one exploits RL
truncation to its fullest valid extent, in connection with
current-quark masses and/or momentum transfers, and
then uses the properties of analytic functions to extend
the calculations outwards to reach the physical domains
of these parameters. This approach has been used effec-
tively in the calculation of heavy+light meson masses,
4=
∑
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FIG. 3. Homogeneous three-body equation used widely to
compute baryon masses and bound-state amplitudes: total
momentum P = p1 + p2 + p3. The equation has solutions at
P 2 = −m2B , where mB are the baryons masses. Amplitude:
vertex on the left-hand-side; spring with shaded circle: quark-
quark interaction kernel in Eqs. (2); and solid line with shaded
circle: dressed-propagators for scattering quarks, obtained by
solving the gap equation, Eq. (3).
leptonic decay constants and parton distribution ampli-
tudes [64]; vector meson elastic electromagnetic form fac-
tors [66]; and the leptonic and semileptonic decays of
D(s)-mesons [58].
Given the prominence of related experiments at the
Beijing electron+positron collider [59, 67], the precise re-
sults on semileptonic decays of D(s) mesons reported in
Ref. [58] are significant. For instance, in connection with
the Ds → K transition, experiment has thus far only de-
livered a result for the dominant transition form factor at
the maximum recoil point and there are no results from
lQCD. This is illustrated in Fig. 2.
There is a perspective from which one may view hadron
parton distributions as even more fundamental than
form factors. They are harder to measure; but inter-
preted carefully, parton distributions provide local maps
of the momentum and spatial distributions of partons
within hadrons. It is also far more difficult to deliver
sound predictions for parton distributions. These things
notwithstanding, following the first study [68], significant
progress has been made using DSE methods, which may
be followed from Refs. [69–71].
4. Baryons. — The first hadron discovered was the pro-
ton, about which much is now known: not just its mass,
but also a great deal of structural information. Many
more baryons have also been found. Thus, in addition
to a capacity to explain mesons, any viable continuum
approach to the bound state problem in QCD must of-
fer answers to baryon problems. This is provided by
the Poincare´-covariant Faddeev equation [72–76]. Gen-
eralising the Bethe-Salpeter equation drawn in Fig. 1 to
treat systems seeded by three valence quarks, one can de-
rive the homogeneous integral equation depicted in Fig. 3.
This is a RL-truncation equation and the running sum
ensures that the Faddeev kernel joins any two valence-
quark participants once and only once.
The Faddeev equation in Fig. 3 has been used as the
basis for computation of baryon masses and some elastic
and transition form factors. Many of these applications
are described in Ref. [77]. It has also been used to pro-
FIG. 4. Masses of pseudoscalar and vector mesons, and
ground-state positive-parity octet and decuplet baryons calcu-
lated using continuum (Contm – squares, red) [31] and lattice
[79] methods in QCD compared with experiment [34] (PDG:
black bars, with decay-widths of unstable states shaded grey).
vide Poincare´-covariant calculations of: the proton’s ten-
sor charges [78]; and the spectrum of JP = 1/2+, 3/2+
baryons, including those with heavy-quarks, and their
first positive-parity excitations [30, 31].
The power of the approach is illustrated by Fig. 4,
which compares predictions made using Fig. 3, completed
using Eqs. (2), (3), with experiment and lQCD results.
The continuum predictions were made with mu = md,
in which limit RL-truncation does not distinguish be-
tween isospin I = 0, 1 systems; but such isospin symme-
try breaking effects are small, as highlighted by the em-
pirically determined Σ-Λ mass difference (< 7%). Fig. 4
reveals that two disparate approaches to hadron bound
states [31, 79] produce a ground-state spectrum in good
agreement with experiment. Importantly, more states
are accessible using the continuum approach [30, 31].
Having obtained a baryon’s bound-state amplitude by
solving the equation in Fig. 3, one can use the associated
interaction current [80] to compute form factors. As an
example, in Fig. 5 we depict the first ab initio results
for nucleon Sachs magnetic form factors obtained using
the interaction in Eq. (4). Namely, the results were ob-
tained by beginning with this interaction, using RL trun-
cation to compute all elements entering into the equation
depicted in Fig. 3, solving that equation to obtain the
nucleon Faddeev amplitudes, and subsequently combin-
ing all elements with the Poincare´-covariant current to
calculate the form factors. In calculating the results in
Fig. 5, an algorithm similar to that used for Fpi(Q
2) in
Ref. [44] was employed. Consequently, the same problem
was encountered; hence, calculation was impossible be-
yond Q2 ≈ 6 GeV2. Pade´ approximants of order [1, 3]
were used to extrapolate onto Q2/GeV2 ∈ [6, 8]. Analy-
ses underway will exploit the sSPM to extend these pre-
dictions onto the entire domain of momentum transfers
accessible at the upgraded JLab [81, 82].
For comparison, Fig. 5 also displays parametrisations
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FIG. 5. Sachs magnetic form factors computed using the
interaction in Eq. (4). (A) Proton: solid blue curve. (B)
Neutron: solid green curve. Both panels: bands bracketing
the solid curves show the effect of ω → 0.5(1 ± 0.1) GeV in
Eq. (4); and the long-dashed red curves are the parametrisa-
tions of empirical data in Ref. [83].
of empirical data [83]. (Updated parametrisations are
available, but they are not materially different.) Evi-
dently, there is fair agreement between the calculated
results and experiment; but mismatches are noticeable
on Q2 . 3 GeV2. Some part of the discrepancies can be
understood as follows. The RL truncation produces a
hadron’s dressed-quark core, viz. those contributions to
the DSE kernels which might properly represent meson-
baryon final-state-interactions (the meson cloud) are sup-
pressed [84]. Such effects are soft, so their impact is re-
stricted to the low-Q2 domain. Hence, the mismatches
owe, at least in part, to omission of the nucleon’s meson
cloud. Exactly how much is not yet known and it varies
between systems; so many different paths are being fol-
lowed in studies that are underway to learn more, e.g.
Refs. [85–88] and references therein.
The RL truncation itself may also be partly at fault.
Numerous studies in experiment and theory have shown
that nonpointlike, fully-interacting quark+quark correla-
tions (diquarks) are very likely important in understand-
ing baryon structure [89, 90]. Such correlations typically
introduce marked SU(6) spin-flavour symmetry breaking
in baryon wave functions. RL truncation does produce
some SU(6) breaking, enforcing couplings between wave
function components in momentum-, spin- and flavour-
spaces, and it contains the seeds for the formation of
diquark correlations. However, RL truncation does not,
e.g. produce the mass-splittings amongst isospin part-
ners that are achieved in quark+diquark truncations of
the Faddeev equation. Therefore, an important contem-
porary challenge is to find a practicable beyond-RL trun-
cation of the Faddeev equation that can produce diquark
correlations and then exploit it to best effect.
5. Prospects. — The bound-state problem in QCD has ex-
isted for over forty years. During the first half of this pe-
riod, some important progress was made with continuum
methods, but it was unclear whether they could move
much beyond computation of the static properties of the
lightest mesons. The picture changed rapidly in the fol-
lowing vicennium. Now, DSE predictions are available
for a wide variety of observables; they explain much ex-
isting data and support, guide and stimulate experiments
at many of the world’s leading accelerator facilities [50–
53, 89, 90]. These roles are crucial as high-energy nuclear
and particle physics enters a new era, with the operation,
construction, and planning of high-luminosity, high en-
ergy facilities that promise to see deep into the heart of
hadrons with unprecedented clarity.
We have given a few impressions of recent progress
with the continuum bound-state problem in QCD. Many
others are worthy of mention, e.g.: studies of in-medium
QCD [91, 92]; contributions to unravelling the puzzle sur-
rounding the anomalous magnetic moment of the muon
[93, 94]; and analyses of potentially hybrid/exotic sys-
tems, i.e. states whose valence content is not simply qq¯
or qqq, which can be tackled using generalisations of the
bound-state equations described above [95–100].
Regarding the future, attention will focus on deliver-
ing ab initio predictions for generalised- and transverse-
momentum-dependent (TMD) parton distributions be-
cause (a) experiments aimed at measuring these quanti-
ties have a high profile worldwide; (b) the data obtained
will be of limited worth unless there are QCD-connected
predictions that can be used to understand them; and
(c) so long as (b) is achieved, it will become possible to
draw realistic three-dimensional images of hadrons.
The challenge of understanding TMDs brings with it
the need to calculate and comprehend parton fragmen-
tation functions (PFFs). PFFs describe how partons,
generated in a high-energy collision and (nearly) mass-
less in perturbation theory, convert into a shower of mas-
sive hadrons, i.e. PFFs describe how hadrons with mass
emerge from massless partons. As such, PFFs are inti-
mately connected with the problem of confinement in em-
pirical QCD, viz. the QCD with light-quark degrees-of-
freedom that is at work in our Universe. In our view, con-
finement, dynamical chiral symmetry breaking (DCSB)
and emergent hadronic mass (EHM) are three sides of
the same triangle, with EHM at the base; and an under-
standing of PFFs can potentially make this manifest.
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